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vahamg(x,y) = ad +32y i

Patr(n) = %lT_y ta c6

limr(n) = M = 2%

n—» 2
va day {yn }:=1 la nghiém ctia phwong trinh

saiphan f(,.,,,) =r(n) (*). Twong tw nhu
trong vi du 1 dé kiém chirng réng cac ham f, g
thda man tat ca cac diéu kién cta djnh ly 2.1.
Vay theo két luan ctia dinh Iy, nghiém {y, }*_
cla phwong trinh (*) théa man

limy, = 5% & fimx =+ .

n-so 2 B>

Khéng dinh clia bai toan trén van ddng néu
3
(1. X .
gia thiét lim— =g e [0,+oo) dwoc thay bang

n—>w xn
x3
gia thiét Lim=k =g c[0,40) voi kla sb
Nn—>0 xn
nguyén dwong c6 djnh tly y.

Tt dinh ly 2.1 ¢6 thé suy ra hé qua sau:
TAI LIEU THAM KHAO

Hé qua 2.2: Néu k Ia sb thyc khac O thi
khéng ton tai ham hai bién lién tuc g xac dinh

trén toan R? c6 céc tinh chét sau:

i g(x,y)<g(x,y") khi x<x'vay<y';

i. g(y,x+ky)=xvéimoi x,y € (—0,+0);

ii. x<g(x,A)<>x<Ava

x2g(x,A) < x> Avéi x,A € (—o0,+0).
Chirng minh.

n+l
Phwong trinh x, ., + kx, = —— (**) ré rang
n

c6 nghiém |a mét day ndo d6{x, " xac dinh
. . . n+l
bing cong thirc truy toan x, , =———kx,.
n

Néu ton tai ham hai bién lién tuc g x4c dinh trén
toan R? ¢6 cac tinh chat néu trong hé qua 2.2 thi

n+l
voi f(x,y)=x+ky,r(n)=—— tét ca cac
n

diéu kién cta dinh ly 2.1 dwgc théa man. Do d6
o . . n+l

day {x,J° hoi tu va limx, =lim——=1.
B n—>w© n—>o p

Cho n dan t&i vd cwe trong dang thire (**) ta di

dén mau thuan 1+ k=1, vi £ khac 0.
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trong d6 u, =22, g, =TI(n-a,),m>2,a,€ Q\N" V' =L,
q i=

n

Q, ¢aj,‘v’i,j=1,m,i¢j, p, la da thire béc khong qué m—2 cua n.

Abstract
This article provides a method to sum series of the form

[}
z U, »
n=1

where u, =p_n] q, =r11(n_ai)9m22, a; GQ\N* Vi=1,m’
q i=

n

a *a J.,Vi, Jj= I,_m,i # j, p, is a polynomial of degree less than or equal to m—2 of

n.

Xét chudi sb
Db, (1)
n=1

trong dé u'l:p_n’ qn=]';E(n_ai)’m22’aiGQ\MVi=1’m:

9n
Q; ¢aj,‘v’i,j=1,m,i¢j, p,, 1a da thirc bac khéng qua m—2 cla n.

£, 1 a
Tir gia thiét vé ¢, vabaccia p, suyrahodc u, =0,hodc u, ~— véia# 0 va k=2
n

X z 1 X A i) ra By >
nao dé6 khi n — o0 Ta c6 chudi Z—k héi tu [1, 2]. Suy ra chudi (1) héi tu [1]. Bai bao nay chira
n=1
phuong phap tinh téng ctia chudi (1).
Vi u, la phan thire thiee sy cia 7 nén ton tai duy nhat biéu dién

@)

=
Il
o

Tl (2) suyra

qn i=1 n—a; .
Cho n dén dén vé cyc, vi np, la da thirc bac khéng qua m—1, g, la da thirc bac m cia n

n
nén P2 5 0. Mat khéc,

q, n—a,

12

—1 khi n >, tasuyra

ic,:o. @)

s

n—a; n

Tir (2) va (3) ta c6

0

i
n=1 n=1 i=1 n_ai n=1 i=1 |:

G

P . O 1 1 - Q, .
Pé y rang cac chudi z —— =Z—’,z=1,m,hc}i ty. Suy ra
n=l1 n_ai n n=l1 n(n_ai)
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n=1 i=1 n=l| B— a n

Zu —ic,i|: 1] @)

Véi a e Q\N* dat

S(a) = Z[n - n} (5)

=1

Tir (4) va (5) ta c6

2, =2,68(a). (6)
n=1 i=1
Pé tinh S(a) ta xét cac trudng hop sau.
1. Trwong hop @ €[0;1) . Néu =0 thi S(a)=0. Giad s O0<a<1. T¥ khai trién
Maclaurin ciia ham /n(1+ x) [1]thay x b&i —x ta dwoc

—In(1-x)= Zx—,‘v’x:—1<x<l
n=1 n

) n—a-1

e x
x‘“ln(l—x)=z ,Vx:0<x<1.
pry
n ) n—a-1
Véimoi a,b:0<a<b<1, chubi Z— héi tu déu trén [a;b] [1] nén chudi Z hoi
n=1 1 n=t R

tu du trén [a;b], do d6 tich phan hai vé dang thirc cubi cing trén doan [a;b] va st dung tinh chét
cta chudi hoi tu déu [1] ta dwoc

b © [ _ ana
—|xUn(l-x)dx=y —————
_!:x n(1—x) nz:‘ =)
—j Fnendi=> 0§ @ @
a n=1 n(n - a) n=1 n(n - a)

(D& y riing cac chudi & vé phai clia (7) ddu hditudo 0<a™ ™ <1,0<b"* <1Vn=>1).

© n—o © n-1

a - a £ L ai - Coias
Trong (7) cho a > 0*.Tacé » ———=a' “Z— — 0, suy ra vé phai cta (7) c6 giéi
= n(n—a) o n(n—a)
han, do d6 vé trai cta (7) ciing ¢ gIO’I han va bang giéi han clia vé phai. Ta nhan dwoc
Q0 bn—a
—a-1
- In(1-x)dx =Y ——— 8)
[ L)

v6i moi b thda man 0<b<1. Chudi ldy thira ctia b & vé phai cha (8) héi ty tai b=1 nén

trong (8) cho b —> 1" ta dwgc
1

j (1 x)dx = Z )

0 n=1 n(n a)
Tich phan & vé trai ctia (9) dwoc hiéu theo nghia suy rdng véi cac diém bat thweng 1a 0 va
1.Tw (5) va (9) suyra

1
S(@) =—aJ’ X n(1-x)dx . (10)
0

V6i 0<x<]1tacé
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—a[x 7 In(1-x)dx = [In(1-x)dx™ =x

=x""In(l-x)— j dx I =x

= —a[x*In(1-x)dx = x*(1-x")n(1—x)+ [ f(—"ll)dx
X (X—

Do @6 tr (10) suy ra
1 a
: -a a . -a a x% -1
S(@) =lim[x™*(1-x*)In(1-x) |- lim[ x™*(1-x )ln(l—x):|+ja—dx
x> x—0" v X (x—l)

Dé chirng minh viéc tinh S(a) bang tich phan tirng phan nhw trén Ia hgp phép va rat gon
S(cx) ta chi can chirng minh cac gi6i han & vé phai cla déng thirc cudi cuing ton tai. That vay, do
0<a<1 nen x(1-x*)in(l—x)~ x=(1-x )~ x) = x*(x* 1) > 0(x = 0*). V&i moi ¢,
st dung quy tic L’Hospital ta tinh dwoc lim[x™* (1—x* )ln(l—x)] =0 . Dang thirc cudi cung dwoc

x—1"

chirng minh, hon nira ta c6

a

rox*-1
=|—dx. 11
S@) !xa(x_l)dx (1)

Tich phan & vé phai cta (11) cé thé tinh nhw sau. Tacé @ € Q,0<a <1 nén @ c6 dang
a=p/q,p,q 1acacsbnguyén, 0< p<q.Ddt x/? =t taco
1 -1
t? =gt dt
S(@) =J‘% _
P (t?-1)
Suyra

C(@? -t P dy
S(a)=f 1 : (12)
Vé phai cta (12) la tich phan clia phan thire thire sy ma phwong phap tinh da dwoc biét rong
réi. D& y réng, t? —1 c6 céc nghiém la exp(ki2z/q),k =0,q—1. Vi vay c6 thé d& dang phan tich
—1 thanh tich clia c4c nhj thirc bac nhét va cac tam thire bac hai khéng cé nghiém thie.
2. Trwong hgp a [0;1) . Tlr cong thire (5) ta cd

S(a) = Z{ L 1 -1}

nan{a}n{a}n

1 1 = 1 1
trong d6 {a} 12 phan phan clia & . Vi cac chudi - va -
96 {a} laphanp ,,Z_l:|:n a n- {a}} ,,Z:;|:n—{a} n}

déu hoi ty nén tir biéu dién trén cla S(a) taco

oSt gt

n=l| B—Q Nn-— {a} n=1 n_{a} n

Déi chiéu cong thirc trén véi cong thire (5) ta dwoc

1
S(a +S({a}). (13)
()= ZL - _{a}} ({a})
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Tbng ctia chudi & vé phai cia (13) c6 thé tinh bang phwong phap dwoc trinh bay trong [3] vi
a —{a} nguyén va khéc khdng. Con S({a}) cé thé tinh nhw trong trwéng hop 1.
Vi du: Tinh téng clia chui

o0

nz (n—1/ 3)(n 2/3)

(14)
1 3 3
(n-13)n-2/3) n-2/3 n-1/3"

Do d6 ap dung cdng thirc (6) cho chudi (14) ta dwoc
S'=35(2/3)-35(1/3). (15)

Theo cdng thirc (12) ta cb

SQ/3) = I(t 1)3dt

say3) = [ ;31131"1’ ,

do dé6 theo (15) ta c6

"3

1 1
t—1dt dt
S=9j( D =9[——

y -1 oL +i+1

vay S=73.
TAI LIEU THAM KHAO
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