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Mot s6 ky hiéu va viét tat
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MO DAU

Bai toan chap nhan 161 (convex feasibility problem) 1a bai toan: "Tim
phan tit thuoc giao cia mot ho cac tap con déng 16i C; trong khong gian
Hilbert H hay khong gian Banach X". Bai toan nay dong vai tro quan trong
trong x1t 1y anh, x li tin hiéu va dugce ing dung rong rai trong cac linh vuc
clia y hoc, quan su, cong nghiép ... (xem [6]), [14], [16],

Nam 1949, Neumann [38] da xét truong hop don gian, khi ho trén gom 2
khong gian con déng C7, Cs ctia H va dé xuat phuong phap chiéu luan phién
xay dung hai day {x,} va {y,} nhu sau:

y0:x€H7 xn:PCl(yn—l)a yn:PCg(xn) (01)

Neumann da chiing minh dugc ca hai day trén hoi tu manh dén Po(z) véi
C = Cy N Cy. Nam 1965, Bregman [8] mé rong cong thitc (0.1) cho truong
hop ho gom hai tap con déng 10i trong khong gian Hilbert nhung chi thu
duoc sy hoi tu yéu.

Truong hgp phtc tap hon, khi cac tap con C; trong ho dugc cho duéi dang
an, nhu cac tap con la cic tap nghiém ciia bai toan can bang [17]; cac tap
nghiém ctia phuong trinh véi toan tit loai don diéu (don diéu [12] va j-don
dieu [1]); tap diém bat dong ctia ho hitu han dén vo han khong dém dugc
cac anh xa khong gian trong khong gian Hilbert hay Banach (xem [2], [4],
[5], [29], [31]).

Méi day, ngudi ta xét truong hop ho trén chita cac tap con C; khong thuoc
ciing loai ké trén. D6 1a ho gom tap nghiém ctia bai toan can bang va tap
nghiém ctia phuong trinh véi toan tit don di¢u [37], ; ho gom tap nghiém cta
phuong trinh véi toan ti don diéu va tap diém bat dong ciia anh xa khong
gian [36] ...

Nam 2007, Takahashi S. va Takahashi W. [35] da st dung phuong phép
xap xi mém (viscosity approximation method) xay dung day {z,} theo cong
thic: zg € H,

1
G(una y) + E<y = Up, Up — xn> >0, Vyed, (02)
Enir = 0 f () + (1 = )Tt



trong d6 f : H — H la anh xa co, {a,} C [0,1] va {r,} C (0,00) théa man

(C1) li_>m a, =0, (C2) > oy = o0, (C3) > a1 — an| < o0,
n—oo n=1 n=1

(D1)liminfr, >0 va (D2) > |[rpe1 — ral < oo.
n—00 n=1
Khi d6 day 1ap {x,} hoi tu manh ctia vé phan tii p* € SEP(G,C) N Fix(T),
trong do SEP(G, C) va Fix(T') tuong tng la tap nghiém cta bai toadn can
bang v6i song ham G va tap diem bat dong clia anh xa khong gian 7.

Nam 2010, Cianciaruso va cac cong sy [15] xét bai toan chap nhan 1oi
khi ho gom tap nghiém ctia bai toan can bang va tap diem bat dong cla
nita nhém &nh xa khong gian S = {T'(¢t) : 0 <t < oo} trong toan khong gian
Hilbert. Cac tac gid da mé rong cong thic (0.2) dudi dang: zp € H,

1
G(tn, y) + —(y = Un,tn — ) >0, Vy € H,
"'n 1, (0.3)
Tpi1 = oy fa,) + (1 — oznA)t— Jo" T(s)upds
va chi ra day {x,} hoi tu manh dén p* € SEP(G, H) N Fix(8S) véi cac dieu
kién:

(C1) lim o, =0, (C2) > a, = o0, (C3) > |aps1 — ay| < o0;
n=1

n—oo n=1
to—t, 4| 1
(D1) lim t, = oo, (D2) lim tn =t = 0;
n—00 n—00 tn Q,
(E1)liminfr, >0 va (FE2) Z 71 — 1| < 00.

n—oo

Muc dich chinh ctia dé tai la: dé xuat mot cach tiép can khac ctia phuong
phap xap xi mém nham gidm nhe diéu kién dit lén cac day tham so trong cac
két qué (0.2) ctia Takahashi S. va Takahashi W, két qué (0.3) ctia Cianciaruso
va cac cong su.

Ngoai phan md dau, két luan va tai lieu tham khéo, noi dung dé tai duoc
trinh bay thanh 2 chuong.

e Chuong 1 trinh bay mot s6 khai niém co ban vé giai tich ham, tong
quan vé mot sd phuong phap tim diém bat dong clia anh xa khong gian
va diem bat dong chung clia nita nhém anh xa khong gian; bai toan
can bang; bai toan tim phan ti chung clia tap nghiém bai todn can
bang va tap diém bat dong clia anh xa ciing nhu tap diém bat dong cta
nita nhém anh xa khong gian trong khong gian Hilbert. Phan cudi clia
chuong 13 mot s6 bé dé bd trg cho viee ching minh céc két qua nghien
citu trong chuong sau ctia dé tai.



e Chuong 2 trinh bay két qua dat dugc khi dé xuat mot cach tiép can
khac ctia phuong phap xap xi mém cho bai toan tim phan ti p* €
SEP(G,C) N Fix(8S). Két qua nay da cai tién cac két qua (0.2) cia
Takahashi S. v Takahashi W. | két qua (0.3) ctia Cianciaruso va cac
cong sy khi bét di diéu kien (C3) va thay cac dieu kien (D2), (E2) bang
cac diéu kién yéu hon. Ngoai ra, mot vi du tinh toan so cling dugc thyec
hién nham khéng dinh tinh ding dén ctia phuong phép.



Chuong 1
MOT SO KIEN THUC CHUAN BI

Trong chuong nay ching toi dé cap dén nhitng van dé sau. Muc 1.1.
trinh bay mot s6 khai niém co ban clia giai tich ham, toan ti don diéu va
nita nhom anh xa khong gian (AXKG). Muc 1.2. gidi thigu tong quan mot
s6 phuong phép tim diém bat dong cia AXKG ciing nhu diém bat dong
chung ctia nita nhom AXKG. Muyc 1.3. trinh bay mot s6 kién thiic co ban vé
bai todn can bang (BTCB). Muc 1.4. dé cap dén mot s6 phuong phap tim
nghiém bai toan can bing dong thoi la diém bat dong clia nita nhém AXKG
trong khong gian Hilbert. Muc cudi ciing ciia chuong 1a mot s6 bo dé duge
stt dung dé chiing minh cac két qua trong cac chuong tiép theo ctia luan an.

1.1. Mot s6 khai niém co sé

Trong toan bo luan an, X dugce ki hiéu la khong gian Banach thuc véi
chuan ||-||. Khong gian d6i ngau ctia X ki hieu béi X*. Véi moi 2 € X va
moi f € X*, ta dat

(f,2) = f(z).
Néu X = H la khong gian Hilbert thyec thi (-, -) 1a tich vo huéng trén H va
|-| 1& chuan cam sinh tuong tng.

Ta néi day {z,,} € X hoi tu (hay hoi tu manh) t6i = € X, ki hiéu z,, — =,
néu ||z, — x| — 0 khi n — +o0. Day x, dugc goi 1a hoi tu yéu dén x, ki
hiéu z,, — z, néu véi moi y € X* bat ki nhung ¢6 dinh, (y,z, —x) — 0 khi
n — +oo. Moi day hoi tu thi hoi tu yéu.

Ta ki hiéu

Blzg,r] ={z € X : ||x — x| < r}

B(xg,r) ={x € X : |jz — x| <1}
lan lugt 1a hinh cau déng va md tam xy ban kinh r.
Dinh nghia 1.1 Cho tap con C' C X.

e (' gidi noi néu n6 duge chita trong mot hinh cau B [xg, 7] nao d6, 0 <

r < +00. Moi day hoi tu yéu déu giéi noi.



e C la tap dong (tuong ting dong yéu) néu véi moi day {z,} C C va
r, — v (tuong tng z, — z) suy ra z € C. Ta ki hieu C 14 bao déng
ctia O, tic 1a tap déng nhé nhat chia C.

e (' la compact néu moi day vo han {z,} C C déu chita day con hoi tu.

e (' 14 compact yéu néu moi day vo han {z,} C C déu chita day con hoi

tu yéu. Trong khong gian Hilbert, moi tap gi6i noi déu 1a compact yéu.

e C 12 16i néu v6i moi x,y € C' vamoi A € [0,1] thi Az + (1 — Ny € C.

Ta néi khong gian Banach X c¢6 tinh chat Opial néu v6i moi {x,} C X ma
Tp — T VA T #£ x( thi
liminf ||z, — zo|| < liminf ||z, — z|| .
n—o0

n—oo

Moi khong gian Hilbert H déu c6 tinh chat Opial.
Dinh nghia 1.2 Phiém ham f: X — R dugce goi la

e chinh thudng néu mién hitu hiéu ciia no,

D(f) ={z € X : f(z) < +oo} #;
e 16i néu véi moi z,y € D(f) va moi A € [0, 1],
fOz 4 (1= Ny) < Af(x) + (1 =N f(y);
e 16i manh véi hiang s6 8 > 0 néu v6i moi z,y € D(f) va moi A € (0,1)
FO 4+ (1= X)) < Af(2) + (1= N F ) = 580~ B) e — ol
e hemi-lién tuc trén néu véi moi z,y € D(f)

limsup f(Az + (1 = N)y) < f(y);

A—=0F
e ntta lien tuc dudi tai zg € D(f) néu véi moi day {z,,} C D(f) vax, — o

liminf f(z) > f(x0);

n—oo
Tanoi f 1a ntta lien tuc dudi trén D(f) néu né nita lien tuc dudi tai moi

zo € D(f);
f@) > f(xo) + (2%, 2 — 20), VzeX.



Tap hop cac dudi gradient cua f tai xg
Of (xg) ={2" € X*: f(x) > f(xo) + (2,2 — x¢), Vae X}
dugce goi la dudi vi phan cua f tai xo.

Dinh nghia 1.3 Cho C la tap con khac rong cta H. Anhxa T : C — H
duge goi la

e L-Lipschitz néu ton tai hing s6 L > 0 sao cho véi moi z,y € C,
Tz =Tyl < Lz —yll;
e a-co néu T 13 Lipschitz véi hang s6 o < 1;

e khong gidn néu T 1a Lipschitz v6i hing s6 1; tic 1a v6i moi z,y € C,

Tz — Ty|| < ||z —yll;

e khong gidn chit néu véi moi z,y € O,
Tz = Ty|* < (Tx = Ty,z - y);
Ta ki higu tap diém bat dong ctia T 1a Fix(T), tic 1a
Fix(T)={x € C:Tex=1z}.
D6i véi anh xa khong gian tap nay co6 tinh chat sau.
Meénh dé 1.1 (Browder [10]) Cho C la tap dong loi, khdc rong va gidi noi
cia HvaT :C — C la AXKG. Khi dé Fiz(T) la tap déng loi va khdac rong.
Toan ti chiéu trong khong gian Hilbert

Dinh nghia 1.4 Cho C la tap con khac rong ctia H. Ta goi
dc : H - R

— inf ||z —
> inf [lz —

la ham khoang cach t6i C'.

Néu C' 1a tap déng 10i thi v6i moi @ € H gia tri infimum trén dat dugc tai
duy nhat mot diém, ki hieu 1a Pox. Khi d6 4nh xa Pc ting méi diém & trong
H v6i diém gan né nhét & trong C' va dugc goi 1a phép chiéu len C. Nhu vay,
Py thoa man

lo = Pexl| < |lz—yl, VyeC. (1.1)



Ngoai ra, phép chiéu Pr théa man mot s6 tinh chat sau.

Ménh dé 1.2 (Zarantonello[42], Goebel-Kirk [19]) Cho phan ti x € H va
z € C. Khi do z = Pox khi va chi khi

(xt—2z,2—y) >0 VyeC.
Tw do ta co cdc hé quad

(i) |Pox — Poy||* < (Pox — Poy,x —y) vdi moi x,y € H; tic phép chiéu

la anh za khong gian chat;

(ii) |z — Pex|? < |z — y|I* — |ly — Pex||” vdi moi x € H vay € C.

Nguyén ly ban déng

Dinh nghia 1.5 Cho C C X la tap doéng 16i ciia khong gian Banach X.
Anh xa T : C — X duoc goi 1a ban déng néu moi day {z,} C C thoéa man
Ty, — x9 € CvaTx, =y € X thi Try = yo. Ngoai ra, ta né6i X thoa man
nguyén 1y ban déng néu véi moi tap C doéng 16i ciia X vA moi anh xa khong
gian T': C' — X thi anh xa I — T la ban dong.

Trong truong hgp X 1a khong gian Hilbert, ta c6 két qua sau.
Meénh dé 1.3 (Opial [30]) Cho C C H la tdp déng loi va T : C — H

la AXKG. Néu {x,} la mot day trong C va x € C thda man x, — x va
xy, — Tx, — 0 thi v € Fir(T).

Toan t& don diéu
Cho A : H — 2" 13 toan tit da tri c6 mién xac dinh va mién gia tri lan luot
la

D(A) ={x € H: Av # 0} va R(A) = | J{Az: 2 € D(A)}.
Do thi ctia A ki hieu 1a gphA va xac dinh béi
gphA = {(z,2") €e H x H : 2" € Ax}.

Toan tit nguoe A~!: H — 2 x4c dinh béi A~la* = {x € H : 2* € Az}, tic
la
(z*,2) € gphA™! & (z,2%) € gphA.

Dinh nghia 1.6 Toan tit A dugc goi la



e don diéu néu
(@" =y —y) 20, V(z,27),(y,y") € gphd;
e don diéu manh néu ton tai hang s6 n > 0 thda man
(@ =y e —y) Znle—yl*, V(z,2"),(yy") € gphA;

e don diéu cyc dai néu néu do thi ctia né khong 1a tap con thuc sy ciia do

thi mot toan t1f don diéu nao khéc.

Nhan xét 1.1 V6i A > 0, néu A don diéu thi A~! va A\A ciing don diéu; néu
A don diéu cyc dai thi A= viv A cling don diéu cuc dai.

Vi du 1.1 Mot s6 toan tit don diéu:
(1) A: H — H tuyén tinh thoa man (Ax,z) >0, Vo € H.
(2) Cho T : C' — H la anh xa khong gian. Khi d6 I — T 1a don diéu.
(3) V6i C' la tap dong 16i ctia H, Pg 1a toan tit don dieu.
Vidu 1.2 Cho g : H — R 1a ham 16i, chinh thuong va ntta lién tuc dudi.
Khi dé toan tit dudi vi phan
dg(x) ={z" € H : g(y) > g(x) + (y — x,27), Yy € H}

la toan tu don diéu cuc dai.

Dinh nghia 1.7 Cho toan t& da tri A : H — 27. V6i A > 0, toan tu
Jy: H — 2% xac dinh béi

I\ = (I + )\A)fl

dugce goi la toan tit giai cua A.

Theo Bruck va Reich [11], néu A 1a toan tit don diéu cyc dai thi Jy 1a don
tri va Fix(Jy) = A71(0), trong d6 A~1(0) 1a tap khong diém clia A, tic 1a

A 0)={z e D(A):0¢€ Ax}.

Tap nay ngay cang déng vai trd quan trong trong 1y thuyét toi wu va diém
bat dong, cu thé la:



o Néu A= 1T, trong d6 T 1a AXKG, thi A71(0) chinh la tap diém bat
dong cua T

e Néu A = dg, trong d6 ¢ 1 ham 16i, chinh thuong va ntta lién tuc dudi
thi A=1(0) chinh 1 tap diém cyc tieu cia g.

Nita nhém va phuong trinh tién héa
Cho C' 1a tap dong 16i va khéc réng ctia H, ho anh xa S = {T'(t) : t > 0}
duoc goi 1a nita nhom AXKG xac dinh trén C' néu né thda man:

(i) T(0)z = x v6i moi z € C;
(ii) T(t+ s)x =T(t) o T(s)x v6i moi t, s € [0,00) va moi = € C
(iii) |T(#)x — Tyl < ||z — y|| v6i moi t € [0, 00) vh moi z,y € C;
(iv) Véimoi z € C, t — T(t)x la lién tuc.

Ki higu Fix(9) 1a tap diém bat dong chung ctia S, tiic 1a

Fix(8) = {z € C: T(t)x = x,Vt > 0} = (| Fix(T(1)).

t>0

Theo Brezis [9] nita nhém AXKG S nhan duge tit toan tit don diéu cuc dai
A thong qua bai toan gia tri ban dau:

du

— + Au(t t>
dt—i— u(t) 20, 0
u(0) = x,

Bai toan nay luon c¢6 nghiem duy nhat véi moi o € D(A) va khi dat T'(t)x =
u(t) ngudi ta nhan duge nita nhom S xac dinh trén D(A) va c6 thé théic trién
thanh D(A) = C bdi su lién tuc. Khi do:

o Véi z € D(A), T(t)x € D(A) v6i moi t > 0.
d+

o ET(t)aj + A" (t)x =0, Vt > 0,2 € D(A).

o Fix(S)={reC:T{t)x=x, ¥Vt >0} = A Y0).

Nhu vay bai toan ton tai va tim khong diém ctia toan ti don diéu cuc dai c6
the dua ve bai toan diem bat dong ctia AXKG hoac nita nhém AXKG. Cach
tiép can nay ciing dugc ap dung cho nhiéu bai toan lién quan khac, diéu do
da lam cho AXKG tré thanh mot cong cu quan trong trong 1y thuyét toi uu
va toan tu don diéu.



1.2. Mot sbé phuong phap tim diém bt dong

Cho C' la tap con ctia khong gian Hilbert H va T' 1a anh xa tut C' vao C.
Ta biét rang néu 7' la anh xa co thi v6i moi z € C, day lap Picard {T"z}
hoi tu manh vé diem bat dong duy nhat ctia 7. Tuy nhién, néu T 1o AXKG
thi phai gia thiét them cac diéu kién ctia C' dé dam bao su ton tai diém bat
dong, tham chi ngay ca khi c6 diém bat dong, day lip trén néi chung ciing
khong hoi tu. Do do, viéc nghién cttu cac phuong phap dé tim diém bat dong
ctia AXKG ciing nhu diém bat dong chung ctia nita nhom AXKG da va dang
1a cht dé soi dong trong nhitng thap ki qua. Phan 16n nhitng phuong phap
nay chi yéu dya trén 2 dang: phuong phap lap Mann va phuong phap lap
Halpern.

1.2.1. Phuong phap lap Krasnosel’skij-Mann

Phuong phap lap Mann [23] duge Mann dé xuat dau tién vao nam 1953.
Phuong phap nay thuc chat 1a st dung anh xa trung binh, tao ra mot day
s6 theo so do lap

Tpnt1 = apZp + (1 —ap)Tx,, n>0 (1.2)
trong do6 xp € C bat ki va {a,,} 1a day trong (0,1). Trong truong hgp o, = A
v6i moi n € N phuong phap lap Mann tré thanh phuong phap lap Kras-

nosel’skij [21]. Tuy nhién day 1ap {z,} nhan dugc chi hoi tu yéu (xem Genel
va Lindenstrauss [18]).

1.2.2. Phuong phap lap Halpern
Nam 1967, Halpern [20] dé xuat phuong phap lap:

g€ C, zpy1=au+ (1 —ay)Tz,, n>0, (1.3)

trong do day {a,} C [0,1] va u € C cb dinh. Ong da ching minh dugc
rang néu T 13 AXKG xac dinh trén C sao cho Fix(T) # 0 va a,, = n~® v6i
a € (0,1) thi {z,} hoi tu manh vé Ppiyqu. Ngoai ra, Halpern ciing chi ra
rang

(C1) lim oy, =0 va

n—o0

(C2) goan = 00,

1a cac dieu kién can cho sy hoi tu ctia {z,}.
Muoi nam sau, Lions [22] d& md rong két qua ctia Halpern bang viéc ching
minh sit hoi tu ctia day {z,} vé Ppigryu néu {o,} théa man dieu kien (C1),

(C2) va



(C3) lim “n— 2=t -

n—00 a%

0.

Dé ¥ ring, cac diéu kién ctia Lions ddi v6i {a,} da loai trit truong hop

]— 2 Z N
O = - bé khac phuc dieu nay, ndm 1992, Wittmann [39] da ching
n

minh sy hoi tu manh ciia phuong phap lip Halpern trong dé thay diéu kién
(C3)’ bang dieu kien

(C3) > |an+1 — an] < 0.
n=0

Dé thay néu {a,} 14 day gidm thi (C3) chinh la hé qué cta (C1) va (C2),
do d6 trong trusng hop nay (C1) va (C2) chinh I didu kién can va dua deé
phuong phéap lap Halpern hoi tu.

1.2.3. Phuong phap xap xi mém (viscosity approximation method)
Cho T 1a AXKG xéc dinh trén tap déng 16i C, s6 thuc ¢ € (0,1] va dnh
xa co f: C' — C. Ngudi ta xay dung anh xa T; : C — C bdi cong thiic

Tix=tf(x)+ (1 —t)Tz, VreC.

Dé thay 7} ciing 1a mot anh xa co, do dé T; c¢6 diém bat dong duy nhat xy,
titc z; 1a nghiém duy nhat ciia phuong trinh

zy =1tf(xy) + (1 —t)Tx, te€(0,1]. (1.4)
Roi rac héa (1.4) ta nhan duge cong thic sau:
Tnp1 = anf(zn) + (1 —an)Ten, n >0, (1.5)
trong d6 {a,} C [0,1]. Su hdi tu cia day lap duge cho béi dinh 1i sau.

Dinh 1i 1.1 (Moudafi [28]) Cho C la tdp con déng loi va khdc rong ciia
khong gian Hilbert H, T : C — C la AXKG théa man Fix(T) # 0 va
f:C —= C la anh za co. Gid st day {x,} xdc dinh bdi: xy € C va

En
Tx
1+4+¢, n+1+5n

Tn+l = f(xn)a n 20, (1'6)

trong do €, C (0,1) théa man

= 0.

1 1
1+e, e,

o0
lim &, =0, E €, = 00 va lim
n—o0 0 n—o0
n=

Khi do, {xn} hoi tu manh vé z € Fig(T), trong dé z = Py f(2).



Dé § ring z = Prix(r)f(2) tuong duong véi z la nghiem ctia bat déng thic
bién phan

(I —flz,z —2) >0 VzeFix(T). (1.7)
Mé rong két qua ctia Moudafi sang khong gian Banach, Xu [40] da ching
minh duge rang néu {«,} théa man diéu kien (C1), (C2) va

0
o . Qpgl
g |api1 — | < 00 hodc lim =1
- n—oo  (y,
n=

thi day {x,} x4c dinh béi (1.5) hoi tu manh vé z € Fix(T). Cac két qua

nay cho phép ap dung phuong phap xap xi mém cho bai toan téi wu 16i, quy

hoach tuyén tinh, bao ham thic don diéu.

Ta biét rang néu f 1a &nh xa & - co thi F' = I — f 1a (1+ &) - Lipschitz va

(1 — @) - don dieu manh. Nam 2011, bang viéc stt dung anh xa F trén, céc

tac gia Buong va Lang [13] da cai tién cong thiic (1.5) va dua ra so do l1ap:
Yn = (1 — anp)n + appf(r,) = (I — anpl’)(zy),
Iptl = (1 - Bn)l'n + B8y Tyn,

trong d6 8, C (a,b), véi a,b € (0,1), p € (0,2(1 — a)/(1 + @)?) va {an} C

(0,1) chi can thdéa man diéu kien (C1) va (C2). V6i cac gia thiét nay, cac téac

gia da chitng minh duge sy hoi tu manh ctia day {z,,} vé phan tit 2 théa man
(1.7).

(1.8)

Dé nhan dugc cac phuong phap tim diém bat dong chung ciia nita nhém
AXKG 8 hau hét cac tac gid déu md rong cac phuong phap tim diém bat
dong cuia AXKG T dugc trinh bay trong cac Muc 1.2.1., 1.2.2. va 1.2.3.. Nam
2008, Plubtieng va Pupaeng [31] da st dung phuong phap xap xi mém xay
dung day lap theo cong thic:

123
Tn1 = anf(xn) + Buxy + (1 — 5 — ozn)tl/T(s)xnds. (1.9)
"0
Céc tac gia da ching minh duge day {z,} hoi tu manh vé phan t1t z € Fix(S)
néu {a,}, {8,} théa man a, + 3, < 1, lim o, = lim G, =0, > ;@ = 0
n—o0 n—o0 -
va lim t,, = oo.

n—o0
1.3. Bai toan can bang
1.3.1. Bai toan can bang va cac trudng hdp riéng

Trong linh vuc khoa hoc thuat ngit "can bang" da va dang dugce st dung
mot cach rong rai, nhu trong vat 1y hoc, héa hoc, ki thuat va kinh té dya



trén cac mo hinh toan hoc khac nhau. Chang han, trong vat ly, trang thai
can bing ctia hée thong la trang thai ma tong cac luc tac dong lén hé théng
biang 0 va trang thai d6 c6 thé duy tri trong mot khoang thdi gian nhat dinh.
Trong héa hoc, dé la trang thai ma cac phén ting thuan va nghich dién ra
4 cung toc do. Trong kinh té 1a bai toan sin xuat canh tranh hay bai toan
cung va cau dong st dung mo hinh ciia tro choi bat hop tac va khai niém
can bang Nash [3]. Trong luan an nay, ching toi xét 16p bai toan can bang
sau.

Cho song ham G : C' x C' — R. Bai toan can bang véi G 13 tim phan tit
x* € C thoa méan

G(z*,y) >0, VyeC, (EP)
trong d6 G théa man cac diéu kién sau:

Al) G(z,z) =0 v6i moi z € C}

)
A2) G la song ham don diéu, tic la G(z,y) + G(y,x) < 0 v6i moi z,y € C;
A3) limsup; o+ G(tz + (1 —t)z,y) < G(x,y) véi moi z,y, z € C

)

(
(
(
(A4

G(x,-) 161 va nita lien tuc dudi véi moi z € C'

Tap nghiém ctia EP duge ki hiéu béi SEP(G, C). Theo Blum va Oettli [7]
bai toan can bang EP kha don gidn vé hinh thic nhung lai bao ham trong
né nhiéu bai toan quan trong nhu bai toan t6i wu, bat ding thitc bién phan,
diém bat dong Kakutani, diem yén ngua, can bang Nash, ... Diém tha vi ctia
EP 1a n6 da hop nhat cac bai toan trén theo mot phuong phap nghién ctu
chung kha tong quét va tien dung.

1.3.2. Mot s6 phuong phap tim nghiém bai toan can bang

Viéc tim nghiém ciia bai toin can bang 14 mot dé tai hap dan, thu hat sy
quan tam ctia nhiéu nha toan hoc trong va ngoai nude. Dén nay, da cé nhieu
phuong phap duge dé xuat nhu: nguyén 1y bai toan phu [26], phuong phap
ham danh gia [25]; phuong phap extragradient [32] va phuong phép diém gan
ke [27], [17].

Phuong phap diém gan ké duge dé xuat bdi Martinet [24] cho bai toan
bat dang thitc bién phan va duge mé rong bdi Rockafellar [33] cho bai todn
tim khong diém ciia toan ti don diéu cuc dai. Y tuéng chinh cta phuong
phap nay la: xay dung cac bai toan hiéu chinh bang cach cong thém vao toan
tlt clia bai toan goc mot toan tit don diéu manh phu thudc vao tham s6 sao
cho bai toan hiéu chinh c6 nghiém duy nhat. Khi d6, véi cac diéu kién phit
hop, day lap nhan dugc bang cich gidi bai toan hiéu chinh, c¢6 gi6i han la



mot nghiém nao dé clia bai todn gdc khi cho tham s6 dan t6i mot diem gidi
han thich hgp. Cu thé, dé giai bai toan can bang EP theo phuong phap diém
gan ke, nguoi ta gidi day bai toan phu
Tim z,, € C sao cho G, (zy,y) = G(zn,y)
+en{xy, — 1,y —xy) >0, Vy € C|

trong do6 ¢, > 0 va g(z,y) = (x — x4,y — x) la song ham don diéu manh trén
C.

Nam 1999, Moudafi [27] da a4p dung phuong phap diém gan ké cho EP
theo so do6 sau:

1
Tpi1 € C - G(xn—l—lay) + X<xn+1 —Tn,Y — $n+1> >0, Vy € C, (1-10)

trong d6 zg € C la diém cho trude va A > 0. Sy hoi tu cta {z,} dugc cho
béi dinh 1f dudi day.

Dinh 1i 1.2 (Moudafi [27]) Gid s& song ham G thoa man (A1)-(A4). Khi
dé vdi méi n, bai toan (1.10) c6 nghiém duy nhat v, va day {x,} hoi tu
yéu vé nghiém cia EP. Ngoai ra, néu G don diéu manh thi {x,} hoi tu yéu

vé nghiém duy nhat cia EP.

Nam 2005, Combettes va Hirstoaga [17] da dua ra mot s6 phuong phap tim
phan tit Pspp(,c)(a) vi a € H cho trude. Céc két qua nay déu dya trén bo

dé sau day.

Bo dé 1.1 (Combettes-Hirstoaga [17]) Cho C la tap con déng loi va khdc
rong cia H, G la song ham théa man (Al1)-(A4). Vdi moir >0, x € H,
dinh nghia anh za T, : H — C' bdi

Trx:{zGC:G(z,y)—l—%(y—z,z—@20, VyEC’}. (1.11)

Khi do,
(1) T, don tri;
(ii) T, la dnh za khong gian chdt, tic la vdi moi x,y € H,
|Tox = Toy|)* < (T = Ty, @ — y);
(111) Fiz(T,) = SEP(G,C);

(iv) SEP(G,C) la tap déng loi.



1.4. Mot sdé phuong phap tim nghiém bai toan can bang dong thai

la diém bat dong ctia nirta nhém

Nam 2007, Takahashi S. va Takahashi W. [35] da két hop Bo dé 1.1
v6i phuong phap xap xi mém va dé xuat phuong phap tim phan ti p* €
SEP(G, C) NFix(T).

Dinh 1i 1.3 (Takahashi-Takahashi [35]) Cho C' la tap con déng loi va khdc
rong cia H, song ham G théa man (A1)-(A4) va T : C — H la AXKG sao
cho SEP(G,C) N Fix(T) # 0. Gid st f la dnh zg co tu H vao H va {x,} la
day xdc dinh boi x1 € H,

1

G n - _nan_nzoa VEC,
() + -y = sty = ) 2 0. ¥y -

Tpi1 = apf(zn) + (1 —ap)Tu,, Vn>1,

trong dé {ay,} C [0,1] va {r,} C (0,00) théa man

oo oo
lim «,, =0, > ay, = 00, > a1 — an| < oo,
n—00 n=1 n=1
0
liminfr, >0 wva [Tha1 — | < 00.
n—oo n=1

Khi d6 {xyn} hoi tu manh vé p* = Psgpc.cynpiser)f(p*) dong thoi la nghiém
duy nhdt cia bat dang thiic bién phan (I — f)p*,z —p*) > 0 vdi mei x €
SEP(G,C) N Fia(T).

M6 rong két qua trén, nam 2010, Cianciaruso va cac cong su [15] da dé xuat
phuong phap tim nghiém ctia EP dong thaoi 1a diém bat dong ctia nita nhém
S trong truong hgp C' = H.

Dinh 1i 1.4 (Cianciaruso [15]) Cho song ham G théa man (A1)-(A4) va S
la nita nhém AXKG zdc dinh trén H sao cho SEP(G, H)NFixz(S) # 0. Gid su
f:H — H la dnh xa co vdi hé so o, A : H — H la todn ti tuyén tinh bi chan
xzdc dinh diwong manh, tic la ton tai 5 > 0 sao cho (Az,z) > 7 ||z||*, Vo € H
va s6 thuc v théa man 0 < v < g. Gia st {x,} la day ray dung bdi:

( r1 € H,
1
{ G(unay)+a<y_unaun_xn> > 0, Vye H, (113)
1
Tnp1 = oV f(zn) + (I — OznA)t— fot” T(s)upds, Vn>1,

\ n




Khi dé {x,} hoi tu manh vé phan ti p* € SEP(G,C) N Fix(S)vdi cic dicu
kién cia {oy,}, {t,} va {r,}:

. 00 00
lim;, 00 oty = 0, anl Oy = 00, anl ‘Oénqtl - Oén| < OQ;
; : bn — th 1
lim,, o t,, = 00, limy, 00 |—‘_ = 0;
th  p

N

liminf, oo, >0 wva Y7 [rps1 — ] < 0.
1.5. Mot sd bo dé bo tro

Bo dé 1.2 (Cianciaruso va cong su [15]) Gid st cdc gid thiét (A1)-(A4) dugc

théa man, néu x,y € H va ri,7m9 > 0, thi

To — T
1Ty — Tzl < 1y — af] + 2=

T,y — yl| -

Bo dé 1.3 (Shimizu va Takahashi [34]) Gid sit C la tap khdc rong, déng va
bi chan cia H va {T(s) :0 < s < oo} la nia nhom AXKG trén C. Khi do
vdt moi h > 0,

lim sup = 0.

t—400 zeC

% /0 tT(s)xds—T(h)% /0 T(s)eds

vs)
(@)%
N
()%

1.4 Trong khong gian Hilbert thuc H, ta luon co
Iz +yl® < llz* + 2(y, 2 +v), Va,y € H.

Bo dé 1.5 (Shimizu va Takahashi [34]) Gid st {x,} va {y,} la cic day b
chan trong khong gian Banach X va {B,} la day trong [0, 1] vdi 0 < liminf, . 5, <
limsup,, .o, Bn < 1. Gid st 2,11 = (1= Bp) 2+ Buyn vdi moi s6 nguyénn > 1
va limsup,, oo ([Yn41 = Ynll = |01 — 20l]) < 0. Khi d6 limy, oo ||yn — 20| =

0.

Trong [41] néu chon T = I, ta c6 dugc bo dé sau.

B6 dé& 1.6 (Yamada [41]) |72 — TMy|| < (1-A7) ||z — y|| vdip € (0,2n/L?)
c6 dinh, X € (0,1), trong d6 T =1— /1 — u(2n — uL?) € (0,1),

Tz = (I — M\uF)x

va F la L liéen tuc Lipschitz va don diéu manh vdi hing so 7.



Bo dé 1.7 (Takahashi va Toyoda [36]) Gid st {cv,} la day s6 thc théa man
0<a<a,<b<1wvdmoin>0va{v,} va{w,} la cic day trong H théa
man

lim sup [|v,|| < ¢;limsup ||w,|| < ¢; lim [|a,v, + (1 — ay)w,|| = c.
n—00 n—00 n—00

Khi do limy, o ||, — wy|| = 0.

KET LUAN CHUONG 1

Trong chuong nay chung toi da trinh bay mot s6 kién thic co ban vé gii
tich ham, toan tit don diéu, nita nhém AXKG va bai toan can bang trong
khong gian Hilbert. Ngoai ra, chiing toi cling gidi thiéu mot sé phuong phap
tim phan t chung ciia tap nghiém bai todn can bang va tap diem bat dong
clia anh xa ciing nhu cia nta nhom AXKG. Trong chuong 2, ching toi dé
xuat mot cach tiép can khac ctia phuong phap xap xi mém nhim gidm nhe
cac dieu kién dat len cac day tham sd trong cac cong thie (1.12) va (1.13).



Chuong 2
PHUGONG PHAP XAP Xi MEM

Chuong nay gom 2 muc. Muc 2.1. dudc danh dé trinh bay mot cach
tiép can khac ctia phuong phap xap xi mém tim p* € SEP(G, C) N Fix(8S).
Muc 2.2. dua ra vi du va két qué tinh toan s6 minh hoa cho phuong phap
trén..

2.1. Phuong phap xap xi mém

Nham gidm nhe cac diéu kién dit lén cidc day tham s6 trong két qua ciia
Takahashi S. va Takahashi W., két qué ctia Cianciaruso va cac cong sy, chiing
toi dé xuat mot cach tiép can khac ctia phuong phap xap xi mém dua trén
ki thuat ctia Buong va Lang [13].

Chiing toi c6 két qua sau.

Dinh 1i 2.1 Cho f : C — C la dnh za co vdi hé s6 a € [0,1), song ham
G théa man (A1)-(A4) va S la nia nhom AXKG zdc dinh trén C sao cho
SEP(G,C)N Fir(S) # 0. Gid s {x,} la day zay dung bdi: z, € C,

(
Yp = (1 - anﬂ)xn + anﬂf(xn)a
1
) Uy € C: G(up,y )+r—<y Upy Up — Yn) >0, Yy € C| (2.1)
Tp+1 = ( Bn xn + 577 fon Un dS
.

trong dé pn € (0,2(1 — a)/(1 + &)%), cdc day {on}, {Bn} trong (0,1) va
{rn} C (0,00) théa man:

(1) lim «,, =0 va Zozn—oo,

n—oo n=1

(2) 0 < hmlnfﬁn <limsupf, < 1;

n—00

(3) 0 <c<r, <oo, lim |r,41 —7,| =0;
n—o0

(4) {tn} C (0,00), lim ¢, = oo va hmM

—00 n—00 tn+1

= 0.



Khi dé day {zn} hoi tu manh ve p* vdi p* = Psgp.cynpias)f(0F)-

Ching minh.
Viéc chiing minh dinh 1i dugce thyc hién qua 6 budce dudi day:
Budc 1. Ching minh {z,}, {y,}, {u,} bi chan.

Trude hét, dé ¥ ring Fix(S) N SEP(G, ) la tap dong, 16i vi Fix(S)
va SEP(G, C) la cac tap déng, 16i. Dé don gidn ta ki higu Q = Fix(S) N
SEP(G,C), F=1-f.

V6i moi p € Q) va tt u, =T, yn, ta co

20t =Pl = [I(1 = 5n) xn+5n Jo" T(s)unds — pl|

11— B.) )+ﬁn(1 [ T()unds — p)|

< (1=58) |z —pll + Bn fo” s)un — T'(s)pl| ds
< (1=8) llzn —pl +ﬁnHun pll

S (1 - Bn) Hxn - p” + Bn HTrnyn - Trnp”

< (1= Bu) llzn — 2l + Bn llyn — 2l

Theo B6 dé 1.6

( - Bn) Hxn pH + Bn ”(1 - O‘n:u)xn + O‘n:uf(xn) - p”
( _Bn) Hxn pH +6n ||(I_QHMF)$n_p||

(1= Bn) lzn — 1l

+00 (1 = anT) [l2n = pl| + cnp HF( )|I]

(1 = BnowT) |20 — D "‘BnanT 1F () -

201 =P

VARVANRVAN

IN

Dat M, = max {[lo1 — pll, s | F@)I| /7}. Kbi d6, [} — pll < M.
Nhu vay, néu ||z, — p|| < M, thi

[Znt1 = pll < (1= BuanT) M)y + Bra, M), = M,

Do d6 day {z,} bi chian. Vi

| F(x,) = Fp)l < (1+a) [z, —pl
lyn — 2l < (1= an7) | — pll + cnpe | F(p)|]
”un _pH = ”Trnyn - Tran < ”yn —p” 5

nén cac day {F(z,)}, {y.}, {u,} ciing bi chin. Khong mat tinh tong quat,
gid st || F(x,)|| < My € R.
Buéc 2. Ching minh lim,, , |[z,11 — z,] = 0.



Dat 0, = — fo" s)upds. V6i p € Q, ta ¢o

o1 —onll = | P (Vi ds — —fo” S )upds||

0
tn+1

tn+1
o T(8)Upi1ds —
tn+1 n+1

fo”“ s)upds — l fo (8)unds||
T (8 gy — T(s)un)ds
1
) fo $)tn,
tn+1 n

mﬁ-( ( )Un+4'—'715)un)d5

f(f”“ T(s)upds

n+1

LT (5 upds] |

1 t'IL

+(

o ) B =T

1 fo pd3+t1 S T (syugds|
n+1

= H g”“(T(s)un+1 — T(s)uy,)ds
(= = 1) i (T (s, = T(s)p)is
+ (

ST (s)un — T(s)p)ds||

tn+1

Q‘tn—l—l _ tn‘ HU,
n

— p .
Int1 ”

[oni1 = onll < tngr — uall +
Theo B6 dé 1.2 ta c¢é

|tns1 —unll = T yns1 — Toytnll < Yns1 — ynll

ool —T
+‘ ntl o |tn+1 — Yns]| -
T'n+1



Khi d6,

T'ne1 — T
0wt = anll < Mot — gl + 2T g
T'n41
Q‘tm—l — tn‘
Ao bk, )
n+1
= ||(I — anp1ptF ) i1 — (I — anpl)zy ||
r —r 2(t —t
+M st — Ynsr | + M [ wn — pl|
Tral tnt1
< lznsr — 2ol + (g1 + an) My
r - 2t —t
+M g1 — Yt || + M [, — pl|
Tn+1 tnt1
< Hxn—l—l - an + (@n+1 + O‘n)ﬂMl
r —r 2(t —t
st 2l g A =l
n+1
T day suy ra
lim sup (||op11 — onl] — ||zt — za]|) < 0.
n—oo
Theo Bo dé 1.5 suy ra lim, . |0 — 2| = 0. Nhut vay,
lim ||z,+1 — 2] = lim B, ||o,, — .|| = 0. (2.2)
— 00 n—oo
Buéc 3. Ching minh lim, . [[u, — y,|| = 0 va limy, o ||u, — 24| = 0.

Vé6i p € 2, ta co

| 2

HTmyn —1,,.p
(Yn — D, un — D)

1 2 2 2
e e T e A

= plI*

IA

Khi do
2 2 2
lun = pII” < Ml = 2I" = llun = yall” (2:3)



Do tinh 18i ctia ||]|* nen suy ra

lzer = pI* = 11(1 = Bu)(wn = p) + Bul f’f T(s)unds — p)|?
< (1= 8 llza - pl? +ﬁnu—fo” un = T(s)p)ds|l
< (0 Bl plP + B~ pn
< (1= ) n =PI+ B [l =PI =l = 3]
< (1= B2) llow = pI”
80 [T = aw )z = pI* = [t = g
< (1= B) o — oI
+8, [ = awpeF) (= p) = auptP @) = llun = 90|
< (1= B) llow — pI”
FBul(1 = ) [z — plI* + 0202 | F(p)]
+2004(1 — o) |2 = Pl | D)~ llum — )
< (U Bo) = I+ o Nl — plI* + 0202 |F(0)]
20t | — Il [F @) = ol — 9]
Do vay

B lltn — yn||2 < |lzn —p||2 — |11 —p||2
+a2p? | F(p)II° + 20mps ||z — pll | F ()]
< Nan = @ ll (e = pll + llznis — pll) + 22 | F(p)|?
+2ap ||z, — pll |1F(p)|

Vi lim,, 00 ||Zn+1 — 24| = 0 and lim,, o o, = 0 nén
Tim {|u, = yall = 0. (2.4)

Theo (2.1), ta c6

[Yyn = wnll = anpp | F(20)l] < anpey.

Tu d6 nhan ducce
lim ||y, — .|| = 0. (2.5)
n—oo

Do Hun - an < ”un - yn” + Hyn - an nen

lim ||u, — z,|| = 0. (2.6)

n—oo

Budc 4. Ching minh lim,, . [|T(s)u, — u,|| = 0, v6i moi 0 < s < oo.



Ta co

I7(8)un — wal] = [T (5t —T( %féﬂT( Jutnds

fo S)upds — — fo $)unds

—|— fo" $)upds — uy|

1T (5 —T( ) Jy T(s)uads|

1T (8)un, — up|| <
+||7(s) fO" s)upds — —fo" ) undsl|
+H_f0 UndS_UnH (27)
< QH—fO $)Upds — up||
L, .
HIT(s) - fo T(s)unds — —fo (s)unds]|.
Dé ¥ ring,
H—fo" $)unds — up|| < H—fo" §)unds — xp|| + |20 — U]
1
S Hﬁ_ [anrl - ( — Bn)xn] - an
+ Hxn - un”
tic la,
tn o 1
H— T(s)unds —up|| < —||zns1 — zull + |l —unl| — 0. (2.8)

n

Véip € Q, dat C; = {x € C: ||x — p|]| < M,}. Dé thay rang C; la tap 10i,
dong va bi chan va T'(s)C; 1a tap con ctia Cy. Vi

1T, ym = Pl < llyn — Pl = (I = anpF )z — pl|
(1 = anm) e = Pl + gt | F(p)]

(1= aum) [ = pll + autE | F ()]

(1 = an7) M, + a0, 7M,, = M,

lun = pll

IAIA A

nén {u,} nim trong C;. Theo Bo dé 1.3 suy ra

1
lim ||T(s )t / S)Upds — —/ s)upds|| = 0. (2.9)
0

n—oo n

Két hop (2.7), (2.8), (2.9), ta nhan dugc
lim ||T'(s)u, — uy,|| = 0. (2.10)

n—oo



Buéc 5. Chimg minh limsup,, ,. (F(p*),p* — z,) < 0, trong d6 p* = Po f(p*).
That vay, do {x,} bi chin nén ton tai day con {xnj} cia {z,} théa man
Tp; — W va

lim sup (F(p"),p* — ) = lim (F(p"),p* — ) (2.11)

n—00 J—00

Tu (2.6) suy ra u,, — w. Vi {u,,} € C va C 1a16i, déng nén w € C. Tiép
theo ta sé chiing minh w € €.
Trude hét ta chiing minh w € SEP(G, C). Do u, = T, y,, ta co
1
Tt tinh don diéu cia G suy ra
1
T—(y — Up, U — Ypn) > Gy, uy), Yy € C.
n
Thay n bdi nj, ta nhan duge

unj - ynj

<y_unj7 > ZG(y,U/nJ),\V/yEC

n;j

Tu (2.4) va (A4), ta co
G(y,w) <0,Vy € C.

V6io<t<l,yeC,daty =ty+ (1 —t)w. Ta coé y; € C va Gy, w) < 0.
Khi do

0= G, u) <tG(y,y) + (1 = )Gy, w) <G (yr, ).

Chia hai vé cho t, ta ducc
G(y,y) > 0.
Cho t — 0 va do (A3), ta dugc

G(w,y) > 0,Vy € C.

Tic 14, w € SEP(G, O).
Tiép theo ta ching minh w € Fix(S). Gia st w ¢ Fix(S), tic la

dsg > 0, théa man T'(sp)w # w.
T tinh chat Opial va (2.10), ta ¢6

liminf;_, Hunj — wH < liminf; Hunj — T(so)wH

< liminfj o0 [[un, — T'(S0)un,
+T'(80)un; — T'(s0)w||

< liminf, HT(so)unj — T(so)wH

< liminf;_, Hunj — wH :



Diéu nay mau thuan, suy ra w € Fix(S). Vay w € Fix(S) N SEP(G, C). Khi
do, tir (2.11) va tinh chat cta phép chiéu, ta c6

lim sup (F'(p*),p* — x,) = lim sup (p* — f(p*),p* — xp)
n—00 n—0oo
= ]1Lr£10<p* — f(p*),p* — ) (2.12)

= (p* = f(p),p" —w) <0.

Buéc 6. Ching minh z, — p* € Q. T (2.1), ta ¢6

H( Bn xn"i_ﬂn fon unds_p H2

(1= Bu)|lzn —p ” +BnH fo s)u,ds — p* ||2
(1= 8n)llzn —p ” + Bn ”un p ”
)
)

[T

IN

(1 - Bn ”xn p ” +6n ||yn p*H2

(L= 5n) llzn — p*||2

+Bn ”(I o anMF)(xn - p*) o O‘n/~“{7(p*)H2
(1= Bu) & =PI + Bal(1 = c7) 2 — p"||”
=20, (F(p*), T — p* — anTF (2))]

(1 = 1) e = ' 2

bt [ ZUF (), 07 = ) + = | F ()| Ma).

IAIA A

IN

IA

St dung Bo6 dé ?? véi a, = ||z, — p*||, bp = Bat,T VA
2

2 * * 2 *
e = "E(F(W").p" = @) + 0= | F()] My,

va (2.12), ta dugc {z,} hoi tu manh vé p* € Q. O

Nhan xét 2.1 (a) Dinh 1i 2.1 da b6t di dieu kien (C3) > a1 — ap] < 00
trong két qui ctia Takahashi S. va Takahashi W. ciing nhu két qua cla

Cianciaruso va cac cong si.
Vi du 2.1 Xét day {«,} xac dinh béi

(k4 1)71/2 néu n = 2k (2.13)
a, = :
k+D2 4+ (k+1)"" néun=2k+1

Dé& dang kiém tra ducc {,} théa man diéu kien (C1) va (C2) nhung khong
thoa man (C3).



(b) Ngoai ra, Dinh 1i 2.1 da thay diéu kien (D2) va (E2) tuong ting bang cac
‘thrl - tn‘

diéu kien yéu hon lim |r,,; — 7] =0 va lim =0.
n—00 n—00 tn+1
. th, —tn_1| 1 t —1
Vi du 2.2 (i) Néu lim o= tnoa] 1 gy i o =8l
: n—00 i, a, n—00 tn+1
(ii) Diéu ngugc lai néi chung khong dung.
That vay, do {t,} C (0,00) va {a,,} C (0,1) nén
‘tn - tnfl‘ < |tn - tnfl‘ i)
P4 1
tut d6 suy ra (i). Mat khéac, néu chon ¢, = n va o, = — v6i moi n € N thi
n
ty — tn— th —th_1| 1
lim M = 0 nhung lim M— = 1.
n—00 n n—00 tn Qn,

(c¢) Tu Dinh 1i 2.1, ta nhan dugc céc hé qua sau.

Hé qua 2.1 Cho f : C — C la dnh xa co vdi hé s6 & € [0,1), S la nia
nhom AXKG zdc dinh trén C' théa man Fix(S) # 0. Gid st {z,} la day zdc
dinh boi: x1 € C,

Yn = (1 - Oén,u)xn + anﬂf(xn)a
1
Tp+1 = (]- - Bn)xn + Bna Otn T(S)PCyndsa

trong dé p € (0,2(1—a&)/(1+@&)?), cdc day {an}, {Ba} trong (0,1) théa man

cic dieu kién:

(1) lim o, =0 va > o, = oo
n—oo n=1
(2) 0 < liminf 5, < limsup 5, < 1;
n—00 n—00

tn _tn
(3) {t,} C (0,00), lim t, = 0o va lim w1 = ol = 0.

n—00 n—00 tn—l—l
Khi dé day {xn} hoi tu manh vé p* vdi p* = Ppiys) f(p*).
Chiing minh. Dat G(x,y) = 0 v6i moi z,y € C va r, = 1 trong Dinh 11 2.1,
ta nhan dugc Hé qua 2.1. O

Hé qua 2.2 Cho f : C — C la dnh za co vdi hé s6 & € [0,1), song ham
G théa man (A1)-(A4) va SEP(G,C) # 0. Gid s {x,} la day zdc dinh bdi:



xr1 € C,
yn = (1 — anp)zn + onpuf(2n),
up € C: Gup,y) + %(y—un,un —yn) >0, VyeC,
Fas = (1= B)n + Bt
trong d6 p € (0,2(1 — a)/(1 + &)%), cic day {an}, {Ba} trong (0,1) va

{r,} C (0,00) thdéa man cdic dieu kién sau:

[©¢)
(1) lim o, =0 va Y a, = oo
n—0o0 n=1

(2) 0 < liminf 8, < limsup 5, < 1;
n—oo

n—0o0
(3) 0 <c<r,<oo, im |r,.1 —r, =0;
n—0o0
Khi do day {xn} hoi tu manh ve p* vdi p* = Psgp.o)f(p).

Chiing minh. Dat T'(t)x = x v6i moi ¢t > 0 va moi x € C trong Dinh 1i 2.1,
ta nhan dugc Hé qua 2.2. O

2.2. Thi nghiém sb

Trong phan nay ching toi xét bai toan can bang dudi dang phuong trinh
v6i toan tu don diéu, nita nhéom AXKG S la phép quay quanh truc Ozs va
tap C trung v6i khong gian R3.

Bai toan
Trong R? cho ma tran ddi xing nita xac dinh khong am

3/8 7/24 1/3
A= |7/24 3/8 1/3
1/3 1/3 1/3

Xét he phuong trinh tuyén tinh
Az =D, (2.14)

trong d6 © = (x1, T2, x3)" va b= (0,4/27,2/27)". Dé thay hang ctia A bang 2
nén hé c6 vo s6 nghiem. Dt

G(z,y) = (Az — b,y —2), Vr,yc R
Khi d6 tap nghiém ctia hé tring vé6i tap nghiém ciia bai toan can bang

G(x,y) >0, VyeR (2.15)



That vay, hién nhién néu z* 1a nghiém ctia hé thi
G(z*,y) =0>0, VycR
Ngudc lai, gid st 2* 1a nghiém clia bai toan can bang, tic 1a
G(z*,y) = (Az* — by —z*) >0, VyeR
Lan lugt thay y = 0 va y = 22* vao hé thic trén ta dugc
(Az* — b, x™) <0 va (Az" — b, z*) >0,

suy ra (Az* — b, x*) = 0. Hon nita, (Ax* — b, y) > (Ax* — b, 2*) = 0Vy € R3,
do d6 néu chon y = b — Az* thi ||Az* — b|| = 0, tiic 1a Az* = b. Do A nita
x4ac dinh khong am nén song ham G théa man (A1)-(A4) v6i moi x,y € R3
(xem [32]). Bang viec giai he (2.14) ta duge tap nghiém ctia bai toan can
bing (2.15) la

SEP(G, C) = {(331,372,373) X — X9 + 16/9 = O} .
Xét nita nhom anh xa khong gian S = {T'(t) : 0 <t < oo}, trong d6

cosat 0 —sinat
T(t) = 0 1 0
sinat 0 cosat

Trong khong gian 3 chiéu R? day chinh 13 phép quay géc at quanh truc Oz,
do d6 tap diém bat dong ciia S 1a Fix(S) = NioFix(T'(t)) = {(0, x2,0)} véi
moi x = (11, 12, 13)".

Nhu vay
1
SEP(G, C) N Fix(S) = { (o, § 0) } |
X3
/// \\ 1
N (0.2.0)
O K X2

1 21— 9+ 16/9 =0



Dé don gian tinh toan, ta chon f(z) = th =2n+ 1,

1
— va «, xac dinh béi (2.13) trong Vi du 2.1. Khi d6 cong

. = 0.5, r, =
g = 300
thic (2.1) tré thanh
1
( Yn = (]- - —Oén)l'n,
1 8

(At —T)u, = iyn+b

Lp+1 = (]- _Bn xn_‘_ﬂn

o\

$)upds

0T

\

hay

( 1
n — 1—= n)Ln,
Yo = (1= gon)o

1\ /1
Tn T?’L

1
L= Bn)an + Bn— 37 T(s)upds.

o\

(2.16)

Tn+1 = (
\

trong do

sin at,), (1 —cosaty)]

0
«
tn 0
sin at,

fn 1 1,1 o
/ T(s)(A+—I) (—z, +b)ds = 0
0 Tn Tn (1 — cosaty)
: o
1 (-1,1
x (A+=1)" (=2, +).

T'n T'n

(0} .

Két qua

Diém xuat phat 2° = (4, 5, 6). Nghiem dting 2* = (0, L.7777777777,0).

x

n
Lo

n
L3

3.364512279
2.745776746
2.417837900
2.180554077

B W NN~ |3

4.873793033
4.829332286
4.755285372
4.719771546

5.751141384
5.214599255
4.648700362
4.236104948

680
690

0.0000178276
0.0000149390

1.791411836
1.777312440

—0.0000176486
—0.0000150284

Bang 3.1



KET LUAN CHUONG 3

Trong chuong nay ching toi da dé xudt mot cach tiép can khéic cla
phuong phap xap xi mém xay dung day lap hoi tu manh vé nghiém bai toan
can bang dong thoi 1a diém bat dong clia nita nhom AXKG (Dinh 1§ 2.1).
Két qua nay da cai tién két qua ctia Takahashi S. va Takahashi W. [35], két
quéa Cianciaruso va cac cong sy [15] khi b6t di dieu kien (C3) cta {a,} va
thay cac dieu kien (D2), (E2) tuong ting cta {t,} va {r,} bang cac diéu kien
yéu hon. Ngoai ra, chung t6i con xay dung mot vi du sé6 don gidn nham minh
hoa thém tinh ding dan cta két qua dat duoc.



KET LUAN VA KIEN NGHI

(1) Dé tai dé xuat mot cach tiép can khac ciia phuong phap xap xi mém va
chting minh dugc sy hoi tu manh ciia day lap. Két qua nay da cai tién két
qud truée dé ctia Takahashi S. va Takahashi W, két qua ctia Cianciaruso
va cac cong st khi b6t di dieu kieén ctia day tham s6 ho#ic thay bang diéu
kién yéu hon.

(2) Dua ra vi du s6 minh hoa cho céac két qua thu dugc.
Cac huéng nghién citu tiép theo

(1) Nghién cttu 4p dung phuong phap diém gan ké xap xi (inexact proximal
method) vao céc két qua dé ddm bao tinh kha thi ctia thuat toan trong
cac bai toan thuc té.

(2) M6 rong két qua ctia dé tai tim nghiém bai toan can bang tong quat dong
thoi 13 khong diém clia toan ti don diéu, diém bat dong chung clia nita
nhom anh xa khong gian.
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